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Comparing Customized LDI Solutions: The Esoteric Math of Key-Rate Durations

Here, we analyze in some detail the mathematics underlying key rate durations and the KRD-matching approach: 
their elegance and their eccentricities.

Macaulay duration measures the sensitivity of bond prices to infinitesimally small changes in yields. Because of 
convexity, the changes in bond prices effected by actual (discrete) real-world yield declines will typically be larger 
than is indicated by Macaulay duration. Effective durations measure changes in bond prices in response to actual, 
discrete movements in a specified set of par yields. So, effective durations, as calculated in the fixed-income 
industry, deal not only with discrete movements in yields but also with changes in a specific, stylized yield curve, 
that of par yields. 

Par yields are the yields on (usually) hypothetical Treasury bonds at each maturity that are priced exactly at par. Par 
curves are estimated by extrapolating from market yields on bonds actually in trade. Some smoothing method—
typically a spline—is then applied to interpolate to maturities where no actual bond exists. Effective duration is 
calculated by shocking this par curve both up and down in parallel fashion by a specified amount and determining 
the changes in a bond’s price effected by those shocks.

For those usually hypothetical Treasuries priced exactly at par, the changes in price follow directly from the chang-
es in the corresponding par yields. For other bonds, their yields will differ from par yields of equal maturity. The 
changes in their price are calculated by converting the shocks in the par curve into shocks in an associated spot 
curve and then determining the changes in price effected by those changes.

That is, the standard formula for a bond’s price expresses it as the present value of its cash flows discounted by its 
yield. Thus, for a bond with a maturity j semesters, yield rj, and coupon Cj, its price is: 

Alternatively, defining spot yields ρi as the yields on zero-coupon bonds at maturities i, 

In effect, (2) treats each individual cash flow as a zero-coupon bond, so that the aggregate bond’s price can be 
expressed as the sum of the values of the zero-coupon bonds it contains. 

Combining (1) and (2) for par bonds creates a relationship between par and spot yields. Versions of (1) and (2) can 
be stated at each maturity point. For j=1, the relationship between r1 and ρ1 is obvious. Other spot yields can then 
be “bootstrapped” from the equations (1) and (2) for P2, P3, etc., since all the rj’s are known. Similarly, for any given 
spot curve, the corresponding par curve can be calculated.
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So, when the par curve is shocked as specified, the resulting shocks to the spot curve can be identified. Those 
changes in spot yields can be inserted into a version of (2) specific to a non-par bond to determine the changes 
in its price in response to the shock to the par curve, thus its duration.

The process described here holds exactly as stated only for Treasuries. For corporate bonds and other credits, the 
option-adjusted spread, or OAS, is determined by identifying the spread level that, when added to the spot yields 
in (2), produces a value equal to the actual price of the bond. The shocked values of the spot yields corresponding 
to the specified shocks in the par curve are then inserted into (2), along with the OAS, to determine the changes 
in the bond’s price, thus its duration. (Determining spread duration is a wholly different affair that we will not get 
into, since it doesn’t concern KRDs.) 

Notice that while spot yields are allowed to vary across maturities, only a single OAS is used for the various cash 
flows of the bond. There is not enough information to determine an OAS for each maturity.

The above process describes determination of total duration. Key-rate durations result from decomposing the 
parallel shifts in the par curve into segments associated with each of a set of specified key-rates. Standard practice 
specifies key rates at 6-month, 2-year, 5-year, 10-year, 20-year and 30-year maturities.

For any specific key rate, its par yield is shocked by the full amount of the shift in the par curve. Par rates at neigh-
boring maturities are shocked by lesser amounts proportional to their distance between the key rate in question 
and adjacent key rates. We’ll detail this process for the 10-year key rate, and equivalent processes for other key 
rates should be obvious.

Usually, 10-bp shocks to the par curve are used to calculate effective durations and KRDs. In the following, we’ll 
analyze 50-bp shocks so that these show up more clearly on our charts. We’ll also analyze only the upward shock 
to the 10-year key rate with the understanding that the effects of a downward shock are the mirror image of what 
we describe. 

The key rate maturities adjacent to the 10-year key rate are the 5- and 20-year rates. For a 50-bp shock up in the 
10-year key rate, the 10-year key (par) rate rises by 50 bps, while the 5- and 20-year par rates change not all. The 
6-year maturity is one-fifth of the way from 5 to 10 years, so its par yield is shocked up by one-fifth of 50 bps, or 10 
bps. 7-, 8- and 9-year maturities see proportionately larger shocks. The 19-year maturity is one-tenth of the way 
from 20 years to 10 years, so its par yield is shocked up by one-tenth of 50 bps, or 5 bps. Lower maturities down 
to 11 years see proportionately larger shocks.

Exhibit A1 displays the changes in a par curve effected by a 50-bp shock up in the 10-year key rate. Exhibit A2 
shows the changes in spot yields resulting from this shift. 

The changes in the spot yields can be more easily understood by noting that any par yield is effectively a weighted 
(harmonic) average of spot yields with equal and lesser maturity. Since par yields at maturities of 5 years or less 
don’t change in response to a change in the 10-year key rate, spot yields at maturities of 5 years or less are also 
unchanged. Spot yields are then generally higher for maturities above 5 years and less than 20 years, in order for 
these spot yields to “average” out to the higher par yield. With the 20-year par yield unchanged, clearly spot yields 
with maturities 20 years and slightly less must be lower in order for all spot yields 20 years or less to average out to 
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the unchanged par yield. Similarly, spot yields must also be lower for all maturities greater than 20 years in order 
to keep the par yields at those higher maturities unchanged.

Moving on to KRDs associated with the 10-year key rate, since bonds with maturities of 5 years or less see no change 
in the spot yields determining their price, they have zero KRD against the 10-year key rate. In the chart here, all 
spot yields above 5 years through 19 years maturity are higher as a result of the shock to the 10-year key rate, so 
all bonds in this maturity range have positive KRD to the 10-year key rate.

For bonds with maturities above 19 years, their KRD to the 10-year key rate will depend on their coupon yield: 
whether they are selling at a discount, at par or at a premium. For par bonds, since the par yields are unchanged 
for maturities 20 years and higher, their price must be unchanged, so they have zero KRD versus the 10-year key 
rate. (A 19.5 year par bond will have slightly positive KRD to the 10-year, since its par yield is slightly higher.)

Exhibit A2: Change in Spot Curve When 10-Year Key Rate Is Shocked

Source: Western Asset, Yields as of 31 Mar 21.
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Exhibit A1: Change in Par Curve When 10-Year Key Rate Is Shocked

Source: Western Asset, Yields as of 31 Mar 21.
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For bonds with maturities 20 years or higher and coupon yields above the par rate, they are priced at a premium, 
so a higher proportion of their value is reflected by their coupon payments than is the case for the par bond with 
equal maturity. So, their price must be lower when the spot yields 5+ through 19- years in maturity rise in response 
to the shock up in the 10-year key rate. 

To see this, refer again to the representation in (2): 

Consider a par and premium bond with exactly the same maturity 20 years or higher. For both bonds, the last terms 
in (2) are identical. The bonds differ in price only because of the higher coupon payments for the premium bond. 
When the 10-year key rate changes, the spot yields in (2) change in such a way as to leave the par bond’s price 
unchanged. That is, the negative effects from higher yields on the coupon payments exactly offset the positive 
effect of the lower spot yield on the principal payment. So, for the premium bond, with exactly the same change 
in the value of the principal payment as the par bond sees, but with a bigger negative change in the value of the 
coupon payments because of the higher coupon rate, it must be that the price of the bond declines in response to 
the rise in the 10-year key rate. So, this premium-price bond must have positive KRD against the 10-year key rate.

By exactly the same reasoning, the opposite is the case for lower-coupon, discount bonds 20 years or higher in 
maturity. They have negative KRD against the 10-year key rate. Similarly, 19.5 year bonds with sufficiently low 
coupon—sufficiently large discount in price—will have negative KRD against the 10-year key rate. Notice that all 
STRIPS with maturities 20 years and up will have negative KRD against the 10-year key rate, since their spot yields 
are uniformly lower when the 10-year key rate rises.

Comparable results hold for changes in other key rates. For any given key rate, bonds with maturity less than that 
of the next-lowest key-rate maturity will have zero KRD to that key rate. Bonds with maturity between that of the 
given key rate and the next-lowest maturity key rate will have positive KRD to that key rate, as will most bonds 
with maturity between that of the given key rate and that of the next-highest maturity key rate. Bonds with ma-

turity greater than or equal to that of the next-highest key-rate maturity will have KRD that is positive, zero, or negative 

depending on whether the bonds are trading above, at, or below par (based on their coupon yields). Finally, there will 
be some range of maturities just below that of the next-highest key rate where deep discount bonds will have 
negative KRD to this key rate.

These results hold exactly for Treasuries, where the present values of the final, principal payment are the same for 
bonds with equal maturity. The math is not so straightforward for credit bonds. Because their formula for price includes 
an OAS along with the spot yields, the value of their principal payment is different from that for a par (Treasury) 
bond, so the argument above doesn’t hold. Suffice it to say that it is still the case that credit bonds with sufficiently 
large premium will exhibit positive KRDs against all key rates of lesser maturity, while bonds with sufficiently large 
discount will exhibit negative KRDs against such maturities.

This is what we mean by “esoteric” math in the title of this Appendix. Three bonds with exactly the same maturity and 

exactly the same credit quality can have completely different KRD patterns if their coupon yields are sufficiently different. 

And this difference is crucial to the viability of the KRD-matching approach, because it is the stipulation of KRDs depending 

on spot yields that allows liability KRDs to be matched without having to resort to leverage.
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The main body of the paper emphasizes this point and raises the question of whether the price behavior described 
in (2) is really an accurate portrayal of actual market pricing for credit bonds. There typically will not be sufficient 
credit bonds of identical quality to generate arbitrage so as to insure the correspondence between corporate 
yields-to-maturity and Treasury spot yields that this process relies on. Furthermore, a question raised above comes 
into play: does it really make sense to ascribe only a single OAS to augment spot yields of different maturities when 
determining a credit bond’s price?

We’ll close by raising one more possible objection to the KRD-matching approach. As stated here, a single Treasury 
par curve and resulting OASs for the various credit bonds underlie all the duration and KRD calculations for the 
candidate assets for a customized fixed-income allocation. Not only are the spot curves and the resulting duration 
calculations sensitive to the specific depiction of par yields, but OASs themselves are sensitive to the specification 
of the par curve.

Meanwhile, pension liabilities are evaluated with their own set of spot curves, formulated by the plans’ actuaries. 
They contain their own idiosyncrasies concerning extrapolating market yields to an idealized yield curve and then 
interpolating that curve to cover other maturity points.

Shocking the “par” curve associated with the actuary’s AA spot curve can result in a very different pattern of duration 
and KRDs from what would be derived if we used someone else’s Treasury par curve with an associated OAS that 
replicates the actuary’s liability valuation. If the assets’ KRDs derived from the Treasury curve and associated OASs 
are lined up against liability KRDs derived from the actuary’s spot curve, won’t this be a source of basis risk between 
assets and liabilities adding to the various basis risks discussed in the paper? Alternatively, if, instead, KRDs for the 
liabilities are derived from the same par curve as was used to determine asset KRDs, how well can the movements 
in that par curve be expected to hedge the idiosyncratic movements in the actuary’s own curve?

The appeal of KRD-matching is its apparent precision. However, as we have shown in the conceptual analysis 
here and in the “pragmatic” analysis in the text, that precision rests on a number of heroic assumptions that are at 
various levels of plausibility in the cold light of real-world market movements.

Our process tries to address all these questions by examining how real-world movements in actuaries’ yield curves 
cohere with actual movements in assets’ prices and yields. As stated in the text, it is an empirical question as to 
which approach works best, and the text provides some empirical evidence on that count.


